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Abstract 

We consider inverse boundary value problems for the Schrodinger 
equations in two dimensions. Within less regular classes of poten¬ 
tials, we establish a conditional stability estimate of logarithmic order. 
Moreover we prove the uniqueness within L p -class of potentials with 
p > 2. 

In this paper, we prove stability estimates and the uniqueness for an in¬ 
verse boundary value problem for the two-dimensional Schrodinger equation 
within a class of less regular unknown potentials. We refer to the first result 
Sylvester and Uhlmann [d8] in the case where dimensions are higher than 
or equal to three, and since then many remarkable works concerning the 
uniqueness have been published. Here we do not intend to create a complete 
list of publications and see e.g., a survey by Uhlmann [T9] , In particular, the 
arguments in two dimensions are different from higher dimensions and we 
refer to the uniqueness result by Nachman m, and a stability estimate by 
Alessandrini j2j. Also see Liu m and as survey on the uniqueness mainly in 
two dimensions, see Imanuvilov and Yamamoto [8]. So far all these estimates 
have had a logarithmic modulus of continuity, which is no surprise because 
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Mandache showed that this is the best one could expect [X2J • The other 
fact is that most of the above mentioned work was done for the conductiv¬ 
ity equation, and so there were not many papers on inverse boundary value 
problems for the Schrodinger equation with a potential in two dimensions. 
The result on uniqueness in this paper (Theorem 12.21) was announced by a 
pioneering contribution (Bukhgeim [3]) that has led to many developments 
in the study of two dimensional inverse boundary value problems. However, 
his proof only gives uniqueness for potentials in the class Wp as pointed 
out in Blasten’s licentiate thesis [5]. See also Novikov and Santacesaria na, 
which proved stability assuming some smoothness and [16] which showed also 
a reconstruction formula. Santacesaria na continued working on stability, 
and showed that the smoother it is, the better exponent there will be on the 
logarithm. 

There are not many results about stability and uniqueness for less regular 
potentials and we refer to Blasten [6], and Imanuvilov and Yamamoto [9]. 
The former is the doctoral thesis of the first named author and proved condi¬ 
tional stability under some a priori boundedness of unknown potentials, and 
the latter proved the uniqueness in determining L p -potentials with p > 2. 

In this paper we prove the uniqueness result announced by Bukhgeim for 
L p potentials, p > 2, and in addition give logarithmic type stability estimates 
for potentials in the class W 2 S , s 6 (0,1] \ {^}. After [6J and [9], the authors 
recognized that an improvement and simplification of the proofs are possible. 
That is, the main purpose of this paper is to improve the stability estimates 
obtained in [6] and simplify the proof of [9j by using a unified method. 

The paper is composed of six sections. In Section 2, we formulate our 
inverse problem and in Section 3 we state two main results Theorems 2.1 on 
the conditional stability and Theorem 2.2 on the uniqueness and compare 
them with the results in [6] and jTJ] . Sections 3-6 are devoted for completing 
the proofs of Theorems 2.1 and 2.2. 

1 Formulation 

Let X C K 2 be a bounded domain with boundary dX of C'°°-class. Although 
it is possible to relax the regularity of the boundary for example to a Lipschitz 
domain, we assume C^-boundary for simplicity. Moreover let q G L P (X), 
p > 2, be a potential function. Consider the Schrodinger operator with the 
potential q in the domain X 

L q (x, D)u := A u + qu. 

We define define the Cauchy data C q by 
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Definition 1.1. Let X C M 2 be a bounded domain with smooth boundary 
dX and q <G L P (X) with p > 1. Then 



If zero is not an eigenvalue of the operator L q (x, D) with the zero Dirichlet 
boundary conditions, then the Cauchy data are equivalent to the Dirichlet- 
to-Neumann map A q defined by 


f£wi / 2 (dx), 


where u G Wf(X) is a unique solution to L q (x, D)u = 0 in X and u I ax — f ■ 

The paper is concerned with a variant of the classical Calderon problem: 
Suppose that for two potentials q± and q 2 the corresponding Cauchy data are 
equal. Does that imply the uniqueness of the potentials? 

The inverse problem asks whether the mapping q K y C q is invertible. The 
uniqueness means that no two different potentials q have the same Cauchy 
data C q . The stability means that the mapping inverse to q »->■ C q is continu¬ 
ous in some topologies. For formulating the stability, we define the difference 
of Cauchy data by 



where 



The difference d(C qi ,C q2 ) is not a metric, but if C qi = C q2 then d(C qi ,C q2 ) = 0. 
Moreover if zero is not an eigenvalue of the operator L qj (x, D), j = 1,2 with 
the zero Dirichlet boundary condition, then 


d{C qi ,C q2 ) < C ||A 91 A q2 II) ; ^ 2 _1/2 (px)) 


by Lemma 3.2 proved below. Here the right-hand side denotes the operator 
norm. This inequality means that for given C qi and C q2 , without knowing 
qi,q 2 in A", it is possible to calculate an upper bound for d[C qil C q2 ). 

Usually one can show only conditional stability , which means stability 
under some assumptions on norms of unknown potentials q' s. Other impor¬ 
tant topic is the reconstruction of a potential. That is, given a Cauchy data, 
reconstruct the potential using an explicit algorithm, and an even more valu¬ 
able goal is to reconstruct q in a stable way by given noisy data about C q . 
As for the reconstruction of less regular potentials, see Astala, Faraco and 
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Rogers [4j, which shows a reconstruction formula for potentials in W 2 , and 
proves that there exists a set of positive measure where the reconstruction 
does not converge pointwise for less regular potentials. Our proof suggests 
that the reconstruction converges in the L 2 -norm and we here do not discuss 
details. 

Notations. Let i = y/—l, x = (aq, x 2 ), ay, x 2 G M 1 , z — x\ + ix 2 
and z denote the complex conjugate of z G C. We identify x G M 2 with 
z = x i+hr 2 G C and £ = (£i,£ 2 ) with £ = £i + i£ 2 . We set d~ = \{d xi —id X2 ), 
dz = \{d xi + id X2 ). By C(Y X , Y 2 ) we denote the space of linear continuous 
operators from a Banach space Y\ into a Banach space 1 2 . Let 13(0. S') be 
a ball in M 2 of radius 6 centered at 0. We define the Fourier transform by 
(<#«)(£) = f R2 u(x)e~^ x, ^dx. 


2 Main results 


Henceforth C > 0 denotes generic constants which are dependent on X and 
constants s, M, but independent of parameters r, where s, M, r are given 
later. 

We here state our two main results. 


Theorem 2.1. Let X C M 2 be a bounded domain with smooth boundary dX 
and s G (0,1] \ {^}. We assume that gi,g 2 G W 2 (X) satisfy an a priori 
estimate ||gj||w|(x) < M with M < 00 and qi — g 2 G Wf(X). Then there 
exists a constant C > 0 such that 


Ql - 92 II L 2 (X) < 


/ , \ -s / 2 

C ( X + ln d(c 91 A 2 )) 

Cd(C qi ,C q2 ), 


if d(C qi ,C q2 ) < 1, 
if d(C qi ,C q2 ) > 1. 


Note that when s < £ no boundary behaviour is required from the two 
potentials (e.g., Adams and Fournier PQ, Lions and Magenes [IDD- 

In our stability result, we estimate the norm ||gi — <? 2 ||z, 2 (JV) under the a 
priori boundedness of the norm in Wf(X), while the work [2] uses different 
norms for q\ — g 2 and a priori boundedness and for the norm. As for the 
exponent in the estimate, our result asserts —s/2 which is better than —s/4 
in J6], but it is still controlled by a logarithmic rate. 

By the theorem 12.11 we see that 

"91 - sIpiii = 0 (( hl ) ') 
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as d(C qi ,C q2 ) —> 0. Thus the rate of the conditional stability is logarithmic. 

By Lemma 3.2 below, from Theorem 2.1, we can derive 
Corollary. Under the same assumptions of Theorem 2.1, we further assume 
that zero is not an eigenvalue of L qj (x , D) with the zero Dirichlet boundary 
condition. Let s G (0,1], and let qi,q 2 G Wf(X) satisfy ||g ? ||yyyx) < M with 
M < oo and q± — q 2 G Wf(X). Then there exists a constant C > 0 such that 


Iki - 92|| L*{X) < 


C ^1 + In || A(J1 _ A(J2 || ) , if 11 A.qi A 92 || < 1, 

C\\A qi - A q2 \\, */||A 91 - a®|| > 1- 


where ||A gi — A 92 || is the norm in C(W^ 2 (dX)\ W^^^dX)). 

Our second main result is the uniqueness in the recovery of the potential 
for the Schrodinger operator : 


Theorem 2.2. Let X C. M. 2 be a bounded smooth domain and q\,q 2 G L P (X) 
with p > 2. If C qi = C q2 , then q 1 = q 2 . 


The merits for the proof of our unified method are as follows. 


1. The proofs of both stability and uniqueness are simplified. Blasten [6] 
used Sobolev spaces where the Zh-norm has been replaced by a Lorentz- 
norm. We can avoid using the Lorentz-norm by showing a Carleman 
estimate formulated using conventional ZA-spaces. 

2. Comparing with Imanuvilov and Yamamoto [9], we use a simpler L~- 
convergent stationary-phase argument which avoids approximating the 
potentials by test functions and using Egorov’s theorem. 


3 Key lemmas and definitions 

We start this section with the following Lemma: 

Lemma 3.1. Let X C R 2 be a bounded Lipschitz domain and qi,q 2 G L P (X), 
P> 1. IfC qi = C q2 , then 



q 2 )u 2 dx = 0 


for all (ui,u 2 ) G X qi x X q2 . 
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Lemma 3.2. Let X C M 2 be a bounded smooth domain and q\,q 2 G L P (X), 
p > 1 be potentials. We assume that 0 is not an eigenvalue of the operator 
L q (x,D), j = 1,2, with the zero Dirichlet boundary condition. Then 

d{CqiiC q2 ) < W^W{dX)) _ ^2 II C(W 2 /2 (dX)-,W 2 1/2 (dX)) ' 

Proof. Let Ui,U G Wf(X) satisfy L qi (x,D)U = L qi (x, D)ui = 0 in X and 
U — u 2 on dX. Then 

A (U - u 2 ) + qi{U - u 2 ) + {qi - q 2 )u 2 = 0 in A 

and U — u 2 = 0 on dX. Multiplying by Ui, integrating by parts and using 
Aiti + q\U\ = 0 in X and U — u 2 — 0 on dX, we have 

/ ui(qi - q 2 )u 2 dx = / d v (u 2 - U)u\dcr. 

J X JdX 

Now note that (U,d u U) G C qi and ( u 2 ,d u u 2 ) G C q2 . This observation allows 
us to switch to the Dirichlet-to-Neumann maps, and so 


(d v u 2 — d v U)u\da 


lox 


lox 


(A q2 u 2 - \ qi U)uida 


fax 


((A q 2 - A. q f}u 2 )u\d(j 


because u 2 = U on dX. Now take the supremum over (ui,u 2 ) G X qi x X q2 , 
to obtain 


sup 


ui{qi - q 2 )u 2 dx 


'X 


((A w - k qi )u 2 )uida 


= sup 

(ui,u2)ex qi x x q2 J ax 

— II ^- r \\c(W%(X) ;W 2 1/2 (9X)) 11 -^91 _ ^92 W C{wl /2 {dX)-,W~ 1/2 {dX)) ' 


The proof of Lemma 13.21 is complete. 


□ 


Henceforth we identify Zo = Xoi + ix 02 G C with Xo = (£ 01 ,^ 02 ) G R 2 . 
The following lemma plays the important role in the proof of Theorems 
2.1 and 2.2. 


Lemma 3.3. Let r>0, 0<s<l and Q G VL|(R 2 ), Zq £ C. Then 
> - [ —e ±iT ( (z - zo)2+( ^~ o)2 )Qdx 

71 L 2 (9. 2 ;dx 0 ) 

If s = 0, then the left-hand side tends to 0 as r — > 00 . 


<2t I IMIw|(k 2 ) • (1) 
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Proof. First for 5 > 0, we have 

^r( p ±iT{z 2 +z 2 )-S\z | 2 \or\ 


fc(0 := ^(e d 

7T 


\J S 1 + 4 r 2 


exp 


16r 2 + 45 2 


exp 


f TirjCj ~ £D r 

v 8 r 2 + 2<f 2 


The calculations are direct and we refer to pp.210-211 in Evans [7] for exam¬ 
ple. Let <S(M 2 ) be the space rapidly decreasing functions and 5'(M 2 ) be the 
dual, that is, the space of tempered distributions. Since 


7T 

27 


exp 


vr 


and 


8 r 

±ir(z 2 +z 2 )-S\z \ 2 


= 27 exp l :F 


D ±ir{z 2 +z 2 ) 


^(C 2 + C 2 ) 

16r 


as 5 f 0 in iS'(M 2 ) and & is continuous from 5'(M 2 ) to itself, we see 


cp(e± i PP+~' 2 )\(c\ - 


*<c 2 +n 


)(f) = 27 eXP l T 16r 


in 5'(M 2 ). This equality holds for almost all (sK 2 , because the right-hand 
side is in L°°(M 2 ). 

Next let Q 6 C^°(M 2 ) be arbitrarily chosen. Then 

- 2 , 


& 


<£ ( ^f p ±ir(z 2 +z 2 ) 


7r 


* Q = exp 


/ T*(C 2 + C ) 


16r 


&mt)- 


Hence by the Plancherel theorem, we have 
Q - 2 r e ±"b 2 +^ 2 ) * Q 


L 2 (R 2 ) 


2?r 


2tt 


1 — g ' 16r 


&Q-& (^ e ±ir(z 2 +z 2 ) * Q j 


L 2 (R 2 ) 


L 2 (R 2 ) 


On the other hand, we can prove 

|1 - e Ti(c2+ ^ 2) | < 2 1+s/2 |£| s 

for 0 < s < 1 and ( 6 C. In fact, if |£| > 1, then |1 — e =R( ^ 2+ ^ )| < 2 < 
2 1+s / 2 and so the inequality is seen. Let |£| < 1. Direct calculations yield 
|1 — e =F ^ < ’ 2+ ^ )| 2 = 4sin 2 (£ 2 — £f). Therefore 


|1 - e : p * ( C 2 + C 2) | 2 < 4|^2 _ £ 2|2 < 4 |^2 + £ 2|2 < 4 x 2 s |£| 2s , 
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where we used 0 < s < 1 and |£| < 1. Thus we have seen |1 — )| < 

2 1+s / 2 |£| s for 0 < s < 1 and (eC. 

Hence 


2 r 


Q - e ±lT y z + z UQ 

7T 


< - 2 s/2 
71 


< 


±ir{z 2 +z 2 ) 

L 2 (R 2 ) 

V 2 2- 2 *|t|-*/ 2 ||(i + \ i \ 2 y / 2 & Q \\ mm - 


U)‘« 


L 2 (R 2 ) 


7T 


( 2 ) 


< 


for each Q G C^°(M 2 ). Since Qj^M 2 ) is dense in hh 2 s (M 2 ), passing to the 
limits, we complete the proof of Lemma 3.3 for s > 0. If s = 0 and Q G L 2 (M 2 ) 
for any positive e we take a function Q e G Cg°(M 2 ) such that || Q—Q 
e. Then ([2]) implies that for any positive r 

*(Q ~ Qe) 


Q - Qe - —e 

71 


_ C — id> r± iT (z 2 +z 2 ) 


L 2 (R 2 ) 


— ^ II Q Q<oIl 2 (R 2 ) — e ' 


Then applying to the function Q e estimate ©, we obtain the statement of 
our lemma for s = 0 . □ 


4 Preliminary estimates 

Let us introduce the operators: 

a-'s = -- ! a-'g = -- f life, 


7T Jx C-Z 


7T Jx (-Z 


where X C M 2 is a bounded domain with the smooth boundary. 

We have 

Proposition 4.1. A) Let 1 < p < 2 and 1 < 7 < ^E-. Then B~ 1 ,d~ 1 G 
C{U>(X),IS(X)). 

B)Let l<p<oo. Then d~\ d G C{L P (X), W^X)). 

A) is proved on p.47 in [2D] and B) can be verified by using Theorem 1.32 
(p.56) in [2D]- ■ 

Henceforth for arbitrarily fixed Zq G C, we set 

$( 2 ) = $(z;zq) := (z - z 0 ) 2 
and introduce the operator: 


U r g = - e - iT ^ + ^d- 1 (ge iT ^ + * ) ). 


















We set 


(3) 

(4) 


Uo = 1, Ui =n T (^(d 1 q - d 1 q(x 0 ))), 
U j =K r (±dr 1 (qU j -1 )) Vj > 2. 

We construct a solution to the Schrodinger equation in the form 

OO 

«i = (5) 

j=0 

Henceforth C'(e) denotes generic constants which are dependent on not 
only s, M, X but also e. 

We will prove that the infinite series is convergent in L r (X ) with some 
r > 2. For it, we show the following propositions. 

Proposition 4.2. Let u G Wp (X ) for any p > 2. Then for any e G (0,1) 
there exists a constant C(e ) independent of x 0 £ W and r such that 

T l ~ e \\n T u\\ L 2 {x) + r 1/p ||7^ T w|| L oo (x) < C'(e)||u||w p i(x) Vr > 0. (6) 

Proof. Let p G C^°(i?(0,1)) and p|b(o,|) = 1- We set p T = p(y/r(x — 

xq)). Since = 7 Z T (p T u) + 7?. T ((1 — p T )u ) for any positive e, there exists 
Po{e) > 1 such that \\e lT ^ + ^Pru\\ LV 0 (e)^ < C{e)\\u\\w^(x)l' Tl ~ t ■ Moreover 
since || e *n*+®) M || i00 (;f) < C||n||vyi(v) we have 

\\e lT ^ + ^ PtU \\ l ^ {x) < C{e)\\u\\ w i^ X )/T 1-e . 

Hence applying Proposition |4J] and the Sobolev embedding theorem, we have 
T 1 "||Rr(/3rM)||L«(X) +T 1/f ’||R r (p r tl)||i.(X) < C(t) ||ll|| W i (X) , V« € (0,1). 

m 

Observe that 


(1 - p r )ue iT ^ +,s,) 


z 


-c 


■df - 


tax 


(1 - p T )ude ir ^ + ^ ^ 
()id® ^ 


J X T{z — L,)lOW 

(vi - iu 2 ){ 1 - p T )ue lT($+¥) 
-=- da 

2ir(z - ()d® 


— d 


Jx t{z - C) 


(1 - p T )u\ (1 - Pr)ue iT ^ + ^ 

id® * ird® 
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Obviously, by the Sobolev embedding theorem, for any positive e, there 
exists a constant (7(e) such that 


r 


1—c 


(1 - p T )u 

+ r 1/2 

(1 ~ p T )u 

r<9$ 

L 2 (X) 

r<9<P 


L°°(X) 


< C'(e)||n|| w -i(x)- (9) 


For the second term on the right-hand side of (jHJ), we have 


lx t(z — C) 


-d 


(1 - p T )u 


ix 




d<& 

(1 - p T )du 
<9$ 


e iT{W) (] £ 


< f 

1 (dp(*/rOu\ 

t 2 (z — () V 9$ ) 

Jx 


di 


di 


t(z - C) V 


(1 - p T )u 


dC 


The functions ^ 1 ~g'^ 9u are uniformly bounded in r in L Pl (X) for some pi 
(1,2). Moreover, since ||(1 — p T )/d$\\L°°(x) < (7/r, the functions y/r 1 du 
are uniformly bounded in r in functions are uniformly bounded 


y/rd& 

in L P (X). Applying Proposition 14.11 we have 


d<S> 

in r 


T 


dr 


—i ((1 pT)d z u 

rd<$> 


+ r 


i !v 


L 2 (X) 


dr 


— i ^(1 Pt) 9 z U 

rd<$> 


< C\\u\\ w u X )- 


L°°(X) 


( 10 ) 


On the other hand, for any p 2 > 1 we have 


dp(s/r-)u 


<9<f> 


LP 2 (X) 


— C|l w llc°(X) 


<9$ 


LP2(B(0±)) 


<CtP-*M»\\u\\ w u x) . 


Thanks to this inequality, applying Proposition 14.11 again, we have: 

+t 1/p 


T 


1—c 


J_Q-1 ( d P^-)u 
T \ V 


L 2 (X) 


i o-i ( 

iT V 
< C(e)\\u\\ w u X )- 


L°°(X) 


( 11 ) 


For any p% > 1, we have 
(1 - p T )u 


(<9$) s 


LP 3 (X) 




(c>$) 5 


LP3(X\B( 0,-fc)) 


< C(p 3 )\\u\\ w u x) r^- 2 ^. 


Therefore 


r 


1 —e 


dr 


-i ( (1 - Pt)u 

r(9 $) 2 


+r 1/p 


l\x) 


dr 


1-1 ( (l-Pr)n 

r(a $) 2 


L°°(X) 


< C(e)\\u\\ w u X )- 


( 12 ) 
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From the classical representation of the Cauchy integral (see e.g. [IB] 
p.27) we obtain 


< C 



{v\ ~ iv 2 )(1 - p T )ue lT ^ + ^ 
-=- aa 

2 ir(z - ()d$ 


L\X) 


< C 


(z/i — iv 2 )(1 — p T )ue lT ^ + ^ 

2 ird$ 


L'(dX) 


(! ~ Pt) 
<9$ 


IMI W !(x)/t < C\\u\\ w i {X ) In t/t. 

L!(dX) 


(13) 


By the trace theorem and the Sobolev embedding theorem, for any p > 2 
there exists a positive a = a(p) such that the trace operator is continuous 
from Wp(X) into C a (dX). Using Theorem 1.11 (see p. 22 of [20]), for any 
6 E (0,a(p)), there exists a constant C(5) > 0 such that 


(ui — iv 2 )( 1 — p r )ue lT ^ + ®' > 


da 


<C{5) 


ax 2 ir(z - ()d$ 

(vi — iv 2 )(1 — p T )ue lT ^ + ^ 


2ird $ 


L°°(X) 


C s (dX) 




Denote p T {x) = bL|il e ir(<i>+$) ^hen by tj ie definitions of the functions $ 
and p T (noting that we identify zq with xo), we estimate 

||/ir(-)llc°(sx) < Gsfr and ||V// r (-)||c°(ax) < Ct Vr > 1. 


Since in view of the mean value theorem, we can estimate 
\p T (x)-p T (x')\ = \p T (x)-p T (x')\ 1 ~ S \p T (x)-pr(x , )\ 5 < Ct^T 5 \x—x'\ S (14) 


and we obtain 

< Cmu\\w i{ x)lT^- s)l2 . (15) 

L°°(X) 

From (171h (fT5]) we have ([6]). ■ 


f (vi - iv 2 )( 1 - p T )ue lT ^ + ^ 
lax 2ir(z - ()d$ 


da 
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Now we proceed to the proof that the infinite series (|S]) is convergent in 
L r (X ) for all sufficiently large r. Let p 6 (2 ,p). By (E]) and Proposition 14.11 
and the Holder inequality, there exists a positive constant 5(p) such that 

11 'R-tu] | _ee_ < C\\u\\wUx)/ tS ■ (16) 

LP-P(X) P K ’ 

Using (TT6]l we have 




Lp-p(X) T° 2 


9 (qU j-i)\\ w ux) 


C 

— 2 ^ 11 ^ 1 \\c(LP(xy,wi(x))\\qUj- 1 \\LP( X ) 

C 

- 2 1 \\c(LP(xy,Wl(X))\\<l\\LP(X)\\Uj 

C\\d 1 \\c{Lp{X)-,W1(X))\\ ( 1\\lp(X) V 


— 1 pp 

LP=P(X) 


< 


2 T S 


- I \\Ui\\ J*. ■ (17) 

/ LP-P(X) 


Therefore there exists To such that for all r > To 


\\Uj\\ _ ee . < xy 11 11 _££_ Vj > 2. 

Lp-p(X) 2,3 Lp-p (X) 

Hence the convergence of the series is proved. 


Since 

L q (x, D){U^) = Add^R^d-^qU^))) T qU^ 

= 2d(e iT ^d- 1 (qU j . 1 )) T qjjjjr* = qUj^ T qUj^*, 

the infinite series (J5D represents the solution to the Schrodinger equation. By 
Proposition 14.21 we have 




3 =2 


L 2 (X) 



as r —>■ Too. 


(18) 


Besides the estimate (TO we need the estimate of the infinite series 
5^1 2 (—1 yUj in the space L°°(X). 

By Proposition 14.21 we have 




3 =2 


L°°(X) 



as t —» Too. 


(19) 
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Proposition 4.3. Let q £ L P (X) and 2 < p < oo. Then there exists a 
positive constant C{\\q\\ LP ^) independent of r and x 0 such that if r > 

C(||g|| L p(x)) an d x o *= X, then there exists u £ Wf(X) such that L q (x, D)u = 
0 in X and 

u(x,x o) = e* T$ (l — i e ~ lT ^ + ^<9 _ 1 (e lT ^ + ^(<9 _ 1 g— B~ 1 q(x 0 )))+r(x, x 0 )), ( 20 ) 

and there exists a positive constant C\, independent of r and xq £ X, such 
that 


r 2 sup ||r(-, xo)\\l 2 (x) + r 2 

xq€X 


2p sup ||r(-, x 0 )||l 4 (x) < CilklU^A-), 


( 21 ) 


IMU.(X) < Cie 4RST , (22) 

whenever |x 0 | < R where R > 0 is large enough that X C B(0,R). 

Proof. Above we proved that the infinite series (JSD for all sufficiently 
large r is the solution to the equation L q (x,D)u = 0. We set r(x,x 0 ) = 
(—Thanks to (J3J) we have fl 20 |) . The estimate of the first term in 
(l 2 Tf follows from (JT8j) • By dTSh and (1T9T) , we have 


sup ||r(-, x 0 )||l 4 (x) < 

xq&X 


sup ||r(-,x 0 )|| 
x 0 ex 


1 

2 


L 2 (X) 


sup ||r(-,x 0 )|| 
x 0 ex 


1 

2 


L°°(X) 


< c \\q\\lp{X) _^ 1/p < c \\q\\LP(X) 

q-2 2p 2 2p 


(23) 


Finally estimate fl22 | ) follows from (I20H . (12T| and the classical estimate for 
elliptic equations. ■ 
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Proof of Theorem 


2.1 


We set r 0 = max{C'(||gi|| iJ , (x) )C(||g 2 || LP (x))}i where C(\\q k \\ LP{x) ) are deter¬ 
mined in Proposition 14.31 and let r > To such that it is larger than To from 
Proposition [43] For point x 0 £ X and r > r 0 let U\ £ W,J (X ) be the solution 
to L qi (x,D)ui = 0 given by Proposition 14.31 In particular we have 

Ui(x,x„) = e’ Tt (l - ie“‘ r(J,+ ® ) S _1 (e* T( ® + ' , ’ ) (S _1 (/i - S -1 8i(z 0 ))) + ri(i,®o)). 

(24) 

3 11 

sup ||Ti(-, X 0 )|| L 1(X) r5 T SU P ll r l(-,X 0 )|| i4 { X)T* + ^ < C hl\\ L P(X)> ( 25 ) 

xqGX xqGX 


13 








( 26 ) 


sup ||ui(-,io)llwi w £ Ce 4R * T , 

xq€X 

and there exists a solution u 2 G W\ (X) for L q2 (x, D)u 2 = 0 with 

U 2 (x,x o) = e^ ¥ (l - - d~ l q 2 (x 0 ))) + r 2 (x, x 0 )), (27) 

sup |r 2 (-,Xo)|| L 2 (x) ri + sup ||r 2 (-, x 0 )|| L 4 (x) < C'||g 2 || LP(x) ,(28) 

xq&X xo£X 

sup \\u 2 (-,x 0 )\\ w i ix) < Ce 4R2r ,(29) 

x 0 ex 2 

where constant C is independent of r and x 0 . Substituting (170) and (1771) into 
f x u i(qi — q 2 )u 2 dx and using the Fubini theorem on the Cauchy-operators, 
we obtain 

2 T 


(qi ~ 92 ) (®o) = ( (9i - 92 ) (zo) - J e 


— I — p lT ^ + ®\qi — q 2 ){x)dx 
2 r 


-/ 

7T Jx 

2 r 7 


7T 


H-/ Ui(qi - q 2 )u 2 dx 

71 Jx 

d^(qi ~ q2)(d~ 1 q 2 - < 9 _ 1 g 2 (x 0 ))e lT($+$) (ix 
<9 _1 (9i - 92)(9 _1 gi - 9 _1 gi(x 0 ))e iT(<J,+<J,) da; 


GY 


7 r 


'x 


(?i - 92 )(z)(P 1 P 2 + ri + r 2 )(x, x 0 )dx, (30) 


where 


Pi 


= n - L-ir{*+*)Q-l^rlt+t)^ g * 9l _ a ‘ 9l ( Io ))), 


p 2 = r 2 - - d~ l q 2 (x 0 ))). 


(31) 

(32) 


We recall that gi — q 2 G FF 2 S (X) by the assumptions of the theorem. For 
s G (0,1] \ ||} and q G VF|(X), let -Fo? be the extension in K 2 by the zero 
extension outside X. Then E 0 q G W|(M 2 ). 

We can now deal with the first term. Take the L 2 (X)-norm with respect 
to x 0 to obtain 


9i — 92 — 


- q 2 )(x)dx 



Jx 77 


L 2 (X:,dx 0 ) 

92)- [ 

— e iT ^ Eo ( qi 

- q 2 ){x)dx 


J R 2 

7 r 


L 2 (R 2 ;dx 0 ) 
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Applying Lemma [8.51 we have 


/' 2r . 
Qi ~ Q2 ~ / —e 

Jx 77 


0 ir($+$) _ q^ x )dx 

L 2 (X;dx o) 

< 2r ^ 11^0(91 — ?2)||w 2 s (r 2 ) — ^ Iki — ?2||^|(jf) — 2CMt ^ . (33) 


The second term on the right-hand side of (j3U|) is estimated by the dif¬ 
ference of the boundary data and the definition of d(C qi ,C q2 ): 


— [ Ui{Qi - q2)u 2 dx 

< C sup 

— [ ui{qi - q 2 )u 2 dx 

77 Jx 

L 2 (X-,dx 0 ) xq£X 

77 Jx 


< CTd(C„,CJ sup (||«i|| v „ 1(x| |MU (X) ) < C M e^ SRU MC<n,C n )- (34) 

xo€X 

Here in order to obtain the last estimate, we used m and (I29p . Applying 
Lemma 13.31 again, we obtain that there exists s > 0 such that 


-/ 

77 J X 


d 1 (qi~q 2 ){d 1 q 2 -d 1 q 2 (x 0 ))e 1T ^ + ^ ) dx 


L 2 {X;dx 0 ) 


(35) 


< 


+ 


< 


2 r 
7r 

,-i„ 2 r 


d-\qi-q 2 )d- l q 2 -— / 8~ l - q 2 )d~ l q 2 e ir ^dx 

77 Jx 


L 2 {X,dx 0 ) 


d 1 {qi~q 2 )d 1 q 2 -d 1 q 2 — / d l (qi - q 2 )e lT ^ +q>) dx 

77 Jx 

2 r 


E 0 d l (qi — q 2 )E 0 d 1 q 2 - 


7r 


L 2 (X;dx 0 ) 

E Q d~\q i - q 2 )E Q d- l q 2 e iT ^ + ^dx 


E 0 d 1 (qi-q 2 )E 0 d 1 q 2 -E 0 d 1 q 2 — [ E 0 d 1 (q 1 - q 2 )e tT ^ +9) dx 

71 Jr 2 


L 2 (R 2 ;dx 0 ) 

L 2 (R 2 ;dx 0 ) 


— Il-^o^ (Qi ~ q 2 )E 0 d q 2 \\ w i( R 2 ) +—z\\E 0 d (qi — q 2 )\\w'(R 2 )\\d Q 2 \\l°°(x) 

C' 

< -^\\qi - q2h 2 (x)- 
In a similar way we obtain 

~f 

77 Jx 


d 1 (qi~q 2 )(d 1 qi-d 1 qi(x 0 ))e lT ^ + * ] dx 


L 2 (X;dx 0 ) 


a, 


- - ?2||l 2 (x)- (36) 
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Estimating the L 2 -norm of the last term on the righ-hand side of (I30[) . we 
have 


X = 


— [ e* r($+$) (gi - q 2 )(x)(p 1 p 2 + n + r 2 )(x,x 0 )dx 

K Jx 

2 r 


L 2 {X;dx o) 


< c sup — / |(<?1 - q 2 )(x)\\(pip 2 + n + r 2 )(x,x 0 )\dx. 

x 0 £X 7T Jx 


Thanks to (1251) and (128]) . we obtain 


1 <CT\\q x -q 2 \\ L ^x) sup \\(piP 2 + r 1 + r 2 )(-,x 0 )\\ L 2 {x) 

xo&X 


< Cr\\qi - q 2 \\l 2 (x) sup (\\pip 2 \\ L 2 (x) + ||(n + r 2 )(-,x 0 )|| L 2 (x) ) 

/E 0 ex 

< C'llki - <b\\i?{x) sup (r||pip 2 ||L 2 (A-) + i). 

x 0 eA V r 

By (1251) . (128]) and Proposition 14.31 
sup \\piP 2 \\l 2 (x) < sup (||ri|| L 4 (x) ||r 2 || L 4 (x) 

xoG.Y xo£X 

+i||8- 1 ( e i ^+*)(5- 1 92 - S- 1 92 W))|U«, m ||r 1 || i , m 

+jl|9" I (e iT(I+t) (9" 1 ? 1 - 5- 1 9l (x„)))|U» m ||r 2 ||„ m 

+^l|9 _1 (e‘ r< ® + ® , P _1 9i “ 9 _1 9i(io)))lli»(x) 
|| S -i (e i T (*+*) (a -i 92 _ a-> 92 (x„)))|U„ (x) ) 

< c(— + ^-(||ri|| L 2 ( X) + \\r 2 \\ L 2 (x)) 

'T 2 T y 

+ P’* ( 1 e iT($+$) (d~ 1 qi - d ~ 1 gi (x 0 ))) 11 l 2 (x) ) • 

Applying (1251) . (128]) and Proposition 14.21 with e = |, we obtain: 

sup \\piP 2 \\l 2 (x) < C{^j + -^-(4r + (37) 

x 0 £X T 2 T*' T2 T 2 

Hence there exists T\ independent of Zo such that 

X < ^||gi - q 2 \\l 2 (x) Vr > t x . (38) 
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Combining estimates (j55]) - ([55j) and setting R 0 = 8 R 2 + 1, we obtain 

Ikl — 52 ||l 2 (X) < C(e TR °d(C qi ,C q2 ) + r~ s/2 ), Vr > Tl . (39) 

Replacing r and C by r + T\ and Ce R ° ri respectively, we have (j59j) for all 
r > 0. For obtaining the conditional stability, we should make the right-hand 
side of (l39|i as small as possible by choosing r > 0. For this we make the 
following choice of r depending on the value of d(C a ,,C 0o ). 

Case 1: d(C qi ,C q2 ) < 1. 

We choose 

t = tt ( 1 + hl r ,(r 1 r ) ) > 0 

i?0 \ d\Cqi , Cq 2 ) / 

with arbitrarily fixed a G (0,1). Then e TRo d(C qi ,C q2 ) = e a d(C qil C q2 ) 1 ~ a and 


T -s /2 _ ^ 

a 


s/2 


1 + In 


d(Cqn Cq 2 ) 


-s/2 


Since for 0 < a < 1, there exists a constant C > 0 such that 77 1 “ < 

-s/2 


C 1 + In ± 

1 v 


for 0 < rj < 1, with this choice of r, estimate (j39P yields 


Iki 


Q 2 ||l 2 (a') < C ^1 + In 


d(C ? i, Cq 2 ) 


—s/2 


Case 2: d(C qi ,C q2 ) > 1. 

Since \\qi\\ w ^{x) < M and ||g 2 ||w|(x) < M, we have ||gi - g 2 ||L 2 (x) < 2 M < 
2 Md{C qi ,C q2 ). 

Therefore combining the two cases, we complete the proof of Theorem 
2.1. ■ 


6 


Proof of theorem 


2.2 


For any point x 0 G X let u\, u 2 G W 2 1 (A") be the solutions to the Schrodinger 
equation given by f!2T) and (1271) respectively. 

Since the Dirichlet-to-Neumann maps are the same, we have J x (q 1 — 
q 2 )u\U 2 dx = 0. Then plugging formulas (124| and (127| into it and adding 
(qi — g 2 )(x 0 ) to both sides, we have 
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(Qi ~ 92) (x 0 ) = ( (91 - 92) (z 0 ) 

2 T 


I ^e ir($+$) (gi - q 2 ){x)dx 


d 1 (qi~q 2 )(d 1 q 2 -d 1 q 2 (x 0 ))e tT ^ + ^ ) dx 

it Jx 

[ d~ l {qi ~ q 2 )(d~ l q 1 - B -1 qi{xo))e lT ^ + ^dx 

71 


IX 




7 r 


(?i - 92 ) 0*0 (P 1 P 2 + ffi + r 2 ) (x, x 0 )dx, (40) 


'X 


where the functions are determined by (j3Tj) and (132T) . 

Since the estimates (l35]h (138]) hold true for all sufficiently large r, we 
obtain from (HUlk 


II qi — 92||l 2 (x) < C 

= c 


qi - <?2 


IX 


c iT(®+®) 

7T 


(91 - q 2 ){x)dx 


2 T 


E 0 (qi - q 2 ) - / — e lT ^ + ^ ) E 0 (q 1 - q 2 ){x)dx 

J R 2 71 


L 2 (X;dx 0 ) 

L 2 (R 2 ;dr 0 ) 


In view of Lemma 13.31 we obtain 

qi~q 2 ~ 


f —e* r ^ +<E>) (gi — q 2 )(x)dx 
x 7r 


—> 0 as t —> + 00 . 


L 2 {X-,dx 0 ) 


The proof of the theorem is complete. ■ 

Acknowledgement. The authors thank the anonymous referees for 
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